o 
o 

> 

o 



H 



^ 



O 






THE WEIGHTED FUSION CATEGORY ALGEBRA AND THE 
g-SCHUR ALGEBRA FOR GL2(g) 

SEJONG PARK 



Abstract. We show that the weighted fusion category algebra of the principal 
2- block bo of Gh2{q) is the quotient of the g-Schur algebra S2{q) by its socle, 
for q an odd prime power. As a consequence, we get a canonical bijection 
between the set of isomorphism classes of simple fcGL2(g)6o-inodulcs and the 
set of conjugacy classes of fco-weights in this case. 



1. Introduction 



Let k be an algebraically closed field of characteristic I > 0. Let g be a prime 
power which is coprime to I. Consider two fc-algebras associated with GL„(g), 
namely the weighted fusion category algebra T{h^) of the principal /-block fog of 
GL„(g) defined by Linckelmann [7j and the (/-Schur algebra Sn{q) introduced by 
Dipper and James [4|. Since both are quasi- hereditary and carry informations of 
representations of GL„ ((/) (Theorems |3] and [5]) , one may conjecture that there is a 
^ ' certain relation between them. 

CN , We give definitions and some properties of these algebras in Sections [2] and [3l 

^^^ ' In Section 21 we compute the Morita types of these algebras in a special case and 

find a relation between them: 



Theorem 1. Let k be an algebraically closed field of characteristic 2 and let q be 

an odd prime power. Then the weighted fusion category algebra J-{bo) over k of the 

JCT^ ■ principal 2-block bo of GL2{q) is Morita equivalent to the quotient of the q-Schur 

ra S2{q) over k by its socle. 



Theorem [T] implies a canonical bijection between the set of isomorphism classes 
of simple /i;GL2((7)6o-modules and the set of isomorphism classes of simple J-{bo)- 
modules, which in turn is in a bijective correspondence with the set of conjugacy 
classes of 6o-weights. We discuss this canonical bijection in more detail in SectionlSl 

2. The weighted fusion category algebra 

We summarize the construction of the weighted fusion category algebra and 
its basic properties, following Linckelmann [7]. We restrict our attention to the 
principal block case and avoid discussing the "twisting and gluing" procedure. (See 
[3 4.1-4.4, 5.1]) 

Let k be an algebraically closed field of characteristic I > and let G be a finite 
group. Let bo be the principal /-block of G, i.e. the unique primitive idempotent in 
the center Z{kG) of the group algebra kG which is not contained in the augmenta- 
tion ideal of kG. Fix a defect group P of 6o, namely a Sylow /-subgroup of G. The 
fusion system of the block bo (on P) is the same as the fusion system of the group 
G (on P): it is the category !F = ^p{G) whose objects are the subgroups of P 
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2 SEJONG PARK 

and such that for each pah Q,R oi subgroups of P the morphism set HomjF((5, R) 
consists of the group homomorphisms from Q to R mduced by conjugations in G. 
It is independent of the choice of a defect group P, up to equivalence of categories. 

The orbit category of J-' is the category J-' whose objects are again the sub- 
groups of P and such that for each pair Q, R oi subgroups of P the morphism set 
Honi;^(Q, R) consists of the orbits of the group of inner automorphisms Inn(_R) of 
i? in HomjP (Q,i?). 

A subgroup Q of P is called J- -centric if every subgroup R of P which is J-'- 
isomorphic to Q is centric in P, i.e. Cp{R) = Z{R). We denote by T the full 
subcategory of the orbit category T consisting of JT-centric subgroups of P. 

Let kJ^ be the category algebra of J^ over fc, that is, the fc-algebra whose fc-basis 
consists of morphisms of J- and such that nuiltiplication is induced by composition 
of morphisms. 

Definition 2. With the above notations, let e = J2q^Q where Q runs over all !F- 
centric subgroups of P and eg denotes the sum of all defect zero blocks of fcAut ^^(Q) . 
Then the weighted fusion category algebra of the block bo is the truncated algebra 

J- (bo) — ekT e. 

The significance of the weighted fusion category algebra is summarized in the 
following theorem: 

Theorem 3 (fZl 4.5, 5.1]). Let k be an algebraically closed field of characteristic 
I > and let bo be the principal l-block of a finite group G. Then the weighted fusion 
category algebra J- (bo) over k of the block bo is quasi-hereditary and Alperin's weight 
conjecture for the block bo is equivalent to the equality 

likGbo) = l(T{bo)) 

where 1{A) denotes the number of isomorphism classes of simple A-modules for a 
finite dimensional k-algebra A. 

Remark. We refer to Alperin's original paper [T] for the definition of weights and 
the statement of Alperin's weight conjecture. Note that, for an ^-centric subgroup 
Q of P, the defect zero blocks of kAvit-^{Q) appearing in Definition [5] (if any) 
correspond to the 6o-weights having Q as their first component. Alperin's weight 
conjecture is positively confirmed, among others, for finite general linear groups by 
Alperin and Fong [2] in odd characteristics and by An [3] in characteristic 2. 

3. The g-ScHUR algebra 

We review the definition and some basic properties of the g-Schur algebra defined 
by Dipper and James [4] , following the presentation of Mathas [8^ ■ 

Let fc be a field and let q be a nonzero element of k. The Iwahori-Hecke algebra of 
the symmetric group E„ on n letters is the fc-algebra Ti = Tik^qi^n) whose fc-basis 
is {T^ I w G S,i} and such that multiplication is given by 

T T 

where vu G E„, s = (i, i + 1) G E„ for some < i < n, and l{vu) is the length of w. 

A composition of n is a sequence ^ = (/^i,/i2, ■ • • ) of nonnegative integers Hi 

whose sum is equal to n. The height of a composition n is the smallest positive 



-^ ws: 




if l{ws) > l{w), 


qT^s + [q' 


- 1)T„„ 


if l{ws) < l{w), 



THE WEIGHTED FUSION CATEGORY ALGEBRA AND THE q-SCHUR ALGEBRA 3 

integer d such that fJ-d+i = ^J■d+2 = ■ • • = 0. For a composition /i of n with height 
d, let "Efj, be the corresponding Young subgroup of S„ isomorphic to S^j^ x E^j x 
• • • X S^^. Set m^ = X^MiGE "^w ^^'^ 1^* ^'^^ ~ rrifj^H, the right H-submodule of TC 
generated by m^. 

Definition 4. Let A(d, n) be the set of ah compositions of n with height < d. Then 
the q-Schur algebra is the endomorphism algebra 

5d,„(g)=Endw( M^). 

/^GA(d,n) 

We write 5„(g) = 5„,„(g). 

The g-Schur algebra has the following properties: 

Theorem 5 ([8] 4.16, 6.47]). Let k be a field and let q be a nonzero element of 
k. Then the q-Schur algebra <Sd,n(9) over k is quasi-hereditary, //char A; = ^ > 
and q is a prime power which is coprime to I, then the decomposition matrix of 
kGhn{q) is completely determined by the decomposition matrices of the q'-Schur 
algebras Sm{q^) over k for rm < n. 

Gruber and Hiss [6J and Takeuchi [T^ give an alternative way of computing the 
Morita types of the g-Schur algebras. 

Theorem 6 ([6], |10|). Let k be an algebraically closed field of characteristic I > 
and let q be a prime power which is coprime to I. Let G — GLn{q) and let B be the 
set of all upper triangular matrices in G. Then the q-Schur algebra Sn{q) over k is 
Morita equivalent to the image of the k-algebra homomorphism 

kG^Endk{k[G/B]) 

sending a G kG to the k-linear endomorphism ofk[G/B] given by left multiplication 
by a onk[G/B]. 

4. The case G = GL2(g), q odd, in characteristic 2 

Let k be an algebraically closed field of characteristic 2 and let q be an odd prime 
power. In this case, we have 

Proposition 7. The weighted fusion category algebra !F{b^) over k of the principal 
2-block bo of Gh2{<l) is Morita equivalent to the path algebra of the quiver 



Proposition 8 (f5', 3.3(A)]). The q-Schur algebra S2{q) over k is Morita equivalent 
to the path algebra of the quiver 



with relation (3"f = 0. 

A proof of Proposition [7] is given in Sections 14.11 and 1 4.21 Proposition [8] is a con- 
sequence of more general results of Erdmann and Nakano [5] . For the convenience 
of the reader, we sketch a proof of Proposition [8] in Section l473l Theorem [T] follows 
immediately from Propositions [7] and El 
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4.1. Proof of Proposition [7] when q = 3 mod 4. Let G = GL2(g) where g is 
a prime power sucli that q = 3 mod 4. Let 2™^^ be the highest 2-power dividing 
q+1 and let ^ be a primitive 2"'~^th root of unity in F^2 . Note that m > 4. Then 
the subgroup P of G generated by 

is a Sylow 2-subgroup of G. One immediately checks that x and t are of order 2™~^ 
and 2, respectively, and 

txt = a;^""'"^ 

In other words, P is the semidiheral group SD2'" of order 2™. 

Let T = J-p{G). Then the JF-centric subgroups of P are as follows; 

(1) C2 xC2 = (x2'""',te2*} 

(2) 1)2/= = (a;^'""'",^^*} where 3 < fc < to - 1 

(3) ^2*= = (x^^^^te^^+i) where 3 < fc < m - 1 

(4) C2..-1 = (x) 

(5) P 

Recall that the automorphism groups of cyclic, dihedral, semidihedral, and (gener- 
alized) quaternion 2-groups of order > 4 are all nontrivial 2-groups except for 

Aut(C2 X C2) = S3, Aut(Q8) = S4. 

So the JF-automorphism group of an JT-centric subgroup P of P of type (2), (3) 
with A; > 3, (4), or (5) is a (possibly trivial) 2-group. If P = P, then since Aut;^(P) 
is also a 2'-group, we have Autjr(P) = {idp} and hence ep = 1. Let ei = ep. 
If P < P, then we have Inn(P) < Autjir(P) and hence Autj^(P) is a nontrivial 
2-group. Therefore ep — 0. 

Also, since x^ — {~q -i) ^ ^{G) and tx^^ , —tx^^ are G-conjugate, the T- 
automorphism group of a Klein four subgroup P of P is isomorphic to G2 , yielding 
ep = 0. Thus it remains to consider the quaternion subgroups of order 8. Set 

g, = {x-''^'\tx''+^), z = 0, 1, . . . , 2"-4 „ 1. 

First observe that all Qi are P-conjugate. Indeed, for each pair of indices i, j, let 
k = (2"-3-l)(j -i). Then 

xHx^'+^x-'^ = te(2""'-i)'=a:2'+i-'= = tx^^+\ 

So it suffices to consider only Q := Qo — {x^ , tx). We have Autp(Q) = Dg and 
Aut((3) = T,4. Thus Autjr(Q) is either Autp(Q) or Aut((3). Since a;^""^ and tx 
are G-conjugate but automorphisms in Ant p{Q) do not send x^ to tx, one finds 
that 

Aut^(g) = Aut(Q) = S4. 
(Note that this also follows from the Frobenius normal p-complement theorem.) 
Now Aut^{Q) ^ Autjr{Q)/AutQ{Q) and AutgiQ) = G2 x G2. Thus we have 

Aut^(Q) ^ E3. 

Since fcEa = fcG2 x M2{k) as fc-algebras, one finds that eQkAut-y{Q)eQ = M2(fc). 
Let e2 be the element of eQA:Aut;^(Q)eQ which corresponds to (00) via this iso- 
morphism. 
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Set A :— ekT e where e = ep + eg. Then A is Morita equivalent to J^{bo). We 
have a decomposition as fc-vector spaces 

A = Ai®A2®J 

where 

Ai = epfcAut;^(P)ep = fc, 

A2 = eQkAnt-^{Q)eQ ^ Ahik), 

J — ep/cHom^((3, P)e.Q. 

Since ,P — Q and A/ J = k x M2{k), J is the Jacobson radical of A and there are 
exactly two nonisomorphic simple A-modules 5*1, S2 with corresponding projective 
indecomposable ^-modules Pi = Aei,P2 = Ae2- Note that Pi = Si = k and 
JP2/J^P2 = kl{om-^{Q , P)e2 ^ Si. Therefore we get the desired result. 

4.2. Proof of Proposition [7] when q = 1 mod 4. Let G — GL2{q) where g is a 
prime power such that q = 1 mod 4. Let 2™ be the highest 2-power dividing 9 — 1 
and let 77 be a primitive 2™th root of unity in ¥q. Note that m > 2. Then the 
subgroup P of G generated by 

77 o\ _ A o\ fo 1 

y ' y~ \0 r])' \1 

is a Sylow 2-subgroup of G. Since x, y commute and txt — y, we see that P ^ 
C2(™-i)/2 ; Es- Note that Zq := Z(P) = Z{G) n P = (xy) ^ C2-. 
Let !F — J-p{G). Then the JT-centric subgroups of P are as follows: 

(1) {^.V) . 

(2) {xy,tx^) where rf ^ rf^ for any integer j 

(3) {xy, x^' , teJ) where < i < to - 1, < j < 2' 

Let i? be an JF-centric subgroup of P. If P = (x, j/), then we have 

Autj.(P) = Ng{R)/RCg{R) = iSa/L ^ S2, 

where L denotes the diagonal subgroup of G and E2 is viewed as the subgroup of 
the permutation matrices in G. 

Now suppose that R is of type (2) or (3). Since Z^ C Z{G), elements of Zq are 
fixed by any ^-morphism. So every JT-automorphism of R induces an automor- 
phism of R/Zq, giving rise to a surjective group homomorphism 

$ : Aut^(P) -» AutG/ZoWZo). 

Note that the kernel Ker(<i>) of $ is isomorphic to a certain subgroup of the group 
Hom(P, Zq) whose multiplication is given by pointwise multiplication. In particular 
Ker(<I>) is an abelian 2-group. 

If R is of type (2), then R/Zq ^ C2, so Aut{R/Zo) = {id^/^J. One can 
easily check that Ker(<I>) = G2 in this case. Since R is abelian, it follows that 
Aut^(P) ^ C2. 

Suppose that R is of type (3). Then R/Zq is a dihedral 2-group of order > 4; it 
is of order 4 (i.e. a Klein four group) if and only ifi = TO— 1. SoifiT^m — 1, then 
R/Zq is a dihedral 2-group of order > 8, and hence its automorphism group is a 
(nontrivial) 2-group. Thus Autjir(P) is a 2-group. Now if P < P, then Inn(P) < 
Aut;F(P), so Aut;^(P) is a nontrivial 2-group; if P = P, then Autj^(P) is also a 
2'-group and hence Aut;^(P) = {idp}. 
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Finally, let R be of type (3) with i = m — 1. There are two P-conjugacy classes 
among these JF-centric subgroups. Indeed, for any j, 

{xy,x^ , tx-' ) ^ (xy , x'^ ,tx-''^^) 

because a;~-^(te-'+-^?;)a; = te^+-^. Set 

Ri = {xy,x^ ,t), R2^{xy,x'^ ,tx}. 

Since Ri/ZQ{i — 1,2) is a Klein four group, its full automorphism group is iso- 
morphic to E3, permuting its three nonidentity elements. Those three nonidentity 
elements of Ri/Zq are all G-conjugate; in R2/ZQ, the elements txZo and tx^ '^^Zq 
are G-conjugate but x^ Zq is not G-conjugate to these two. For both i = 1,2, 
we have Ker($) = Inn(i?i) = G2 x G2. Thus 

Aut;^(i?l )^Y.3, Aut;^(i?2 ) = G2 . 

Therefore we get the same quiver as in Proposition [7l 

4.3. Proof of Proposition [HI Let B be the set of all upper triangular matrices 
in G. For u e 



set 



Also set 



1^ 

1 0, 

Then we have 



where e is a generator of the multiplicative group F^ 

G/B = {B,u-S,[e>B}i<,<,_i. 

Let 

kG^Endkik[G/B]) 

be the fc-algebra homomorphism of Theorem [6] and denote its image by S. This 
map is the fc-linear extension of the group homomorphism 

where the first homomorphism sends g G G to the permutation of G/ B induced 
by left multiplication by g and the second inclusion sends permutations of G/ B to 
corresponding permutation matrices. Observe that the following correspondence 



B wB [e]wB [e'^]wB 



i 




0' 




e 




[e^l 







1 




1 




1 



t 



cQ-r 



respects the G-action on G/B by left multiplication and the natural G-action on the 



projective line over F^, where 



denotes the image of I 1 in the projective line. 

Denote above elements by tii, W2, • . . ,Wg+i, respectively, and write V = k[G/B] = 
kvi ® kv2 © • • • ® kvq+i. Then ip factors through 

PGL2(g) - G/Z{G) ^ GLfc(F), 

and hence 

S = Im(fcPGL2(g) -^ Endfc(y)). 
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V is Si (q + l)-dimensional 5-niodule with the natural 5-action. Now wc find its 
composition series. First of all, V has an obvious l-dimensional simple S'-submodule 

Vl = k{vi +V2-\ h Vq+l). 

Let us denote the elements of the quotient module V/Vi as 

[Al, A2, . . . , Xq+l] ■■= AlVl + A2W2 + . . . + Xq+lVq+l + Vl 

with Aj e k. Then the {q — l)-dimensional S'-submodule V2 of V/Vi given by 

V2 = { [Al, A2, . . . , A,+i] I Al + A2 + . . . + A,+i = } 

is also simple because PGL2(q) acts 3-transitively on { ui, W2, . . . , Wg+i }.(See [9l 
Table 1]) Let W be the inverse image in V of V2- Observe that V, W are uniserial 
S- modules with composition series (Vi, V2, Vi), (V2, Vi), respectively. In particular, 
both V and W are indecomposable. 

It is well known that V = k[G/B] is a projective 5- module and that there are 
exactly two simple S-modules up to isomorphism. Then, since S is quasi-hereditary, 
it follows from the composition scris of V that the standard modules for Vi and V2 
are Vi and W, respectively, and W is also projective. Therefore we conclude that 
S, and hence the q-Schur algebra 52 (g), is Morita equivalent to the path algebra of 
the quiver given in Proposition [HI 

5. A REMARK ON A CANONICAL BIJECTION OF SIMPLE MODULES 

Let k be an algebraically closed field of characteristic 2 and let q be an odd prime 
power. Let bg be the principal 2-block of G = GL„(q). The algebra homomorphism 
in Theorem [S] restricts to the surjective algebra homomorphism 

kGbo -» S 

where S is a fc-algebra which is Morita equivalent to the q-Schur algebra iS„(q). On 
the other hand, in Theorem [T] we showed that there is another surjective algebra 
homomorphism 

So -» To 

where So and Tq are, respectively, the basic algebras of the g-Schur algebra iS„ (q) 
and the weighted fusion category algebra J-{ba) when n — 2. Combining these 
two surjective algebra homomorphisms, we see that simple ^(6o)-modules can be 
viewed as simple fcGfeo-modules when n — 2. Since we have 

l{J-'{bo)) — number of partitions of n = l(kGbo) 

for n = 2 (in fact, for every n by An ^3J), we get a canonical bijection between 
simple fcCfco-modules and simple J^( 60) -modules in this case. But, as mentioned 
in the remark after Theorem [3l there is a canonical bijection between the set of 
isomorphism classes of simple jr(6o)-modules and the set of conjugacy classes of 60- 
wcights. Thus we get a canonical bijection between the set of isomorphism classes 
of simple kObo-TooAvXes and the set of conjugacy classes of 60-weights when n = 2. 

Acknowledgements. We would like to thank Markus Linckclmann for his valuable 
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to the work of Erdmann and Nakano 1 5 . 
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